MATH 110 Lecture notes — 13

Topological Spaces.

Def. Let X be a non-empty set. Then 7 C P(x) is a topology on X if it satisfies:
(1)

(2) X e,

(3) If A,Ber,then ANB e,

(4) If A; € 7 for each i € I, then UA; € 7.

Remarks. (3) implies that the intersection of any finite number of elements of 7 is
also in 7, for example, if A, B,C € 7, then AN B € 7, and then (ANB)NC € 1, i.e.
AnNnBNCer.

(4) means that in particular, the union of any finite number of elements of 7 is in 7,
for example, if A, B,C € 7,then AUB €7and AUBUC €.

Def. Elements of 7 are called open sets. The pair (X, 7) is called a topological space.

Examples.

1. X ={a}, P(X) = {0, X}. There is only one topology on X:
T={0,X} =P(X).

2. X ={a,b}, P(X) ={0,{a},{b}, X}. There are four different topologies on X.
Topology 7 = {0, X'}.

Topology 1 = {0, {a}, {b}, X} = P(X).
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Topology 75 = {0, {a}, X}.

ok
This space is called the Sierpinski space.
Topology 74 = {0, {b}, X}.

. For any non-empty set X, consider 7 = {(), X}. Then 7 is a topology, it is
called the trivial (aka indiscrete) topology.

. For any non-empty set X, consider 7 = P(X). Then 7 is a topology, it is called
the discrete topology.

X =N, 7={0,{1},{1,2},{1,2,3},...,N}. Then 7 is a topology. Notice that
in this example, for any A, B € 7, either A C Bor B C A. If A C B, then
ANB=Aand AUB=B. If BC A, then ANB =B and AUB = A.

. X ={1,2,3,4,5}. (Remark: can do this for any finite |X|.) Consider 7 =
{0, {13, {1, 2}, {1,2,3},{1,2,3,4}, X}

. X = R, the set of real numbers. The “usual” topology 7 on R is defined as
follows. A subset A of R is in 7 if for every x € A, there exists an open interval
(a,b) containing x such that (a,b) C A.

For example, A = (0,1) € 7, because for any point x € (0,1), consider (a,b) =
(0,1). We have z € (0,1) C A.

However, A = [0,1] ¢ 7. For example, consider x = 0. There is no such open
interval (a,b) that 0 € (a,b) and (a,b) C A.

. Let X be any non-empty set, and p € X. Define 7 as follows. A subset A of X
is open if it is either empty or contains the point p. The point p is called the
particular point, and this topology is called a particular point topology.
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9. Let X be any non-empty set, and e € X. Define 7 as follows. A subset A of
X is open if it is either equal to X or does not contain the point e. The point
e is called the excluded point, and this topology is called an excluded point
topology.

Remark. The Sierpinski space (topology 73 in example 2) is both a particular point
topological space (with p = a) and an excluded point topological space (with e = b).

Def. If (X, 7) is a topological space and A C X, then A is called closed if X — A is
open.

Example. In R with the usual topology, closed intervals such as [0,1] are closed.
Also, sets that are unions of closed intervals, e.g. (—o0,0] U [1,2] U [3,4], are closed.

Properties. The union of any two closed sets is closed. The intersection of any number
of closed sets is closed.

Def. If (X, 7) is a topological space and A C X. The interior of A, int(A), is the
largest open set contained in A. It is also the union of all open sets contained in
A. The closure of A, cl(A), is the smallest closed set containing A. It is also the
intersection of all closed sets containing A.

Examples.

1. X ={a,b,c}, 7 is particular point topology with p = a.
The closed sets are: X, {b,c}, {c}, {b}, 0.
Then cl({b,c}) = {b,c}, cl({a,c}) = X.

2. R, with the usual topology. Then cl([0,1]) = [0, 1], ¢l((0,1)) = [0, 1],
c((—o0, =3l U (2,5] U [7,00)) = (—o0, —=3] U [2,5] U [7,00).

Properties. For any topological space (X, 7) and any subsets A, B C X, we have

e int(A) Ccl(A)
e int(int(A)) = int(A). Also, if B is open, then int(B) = B.
e cl(cl(A)) = cl(A). Also, if B is closed, then cl(B) = B.



int(AN B) =int(A) Nint(B) because

L. int(A) Nint(B) is open

2. int(A)Nint(B) C ANB

3. Suppose C' is open and C' C AN B, then C C A, C C B, Therefore

C Cint(A), C Cint(B), thus C C int(A) Nint(B).

int(A)Uint(B) Cint(AU B).
Here is an example when the above are not equal. Consider R with the usual
topology, A = (0,1), B = (—00,0] U [1, c0).
Then int(A) Uint(B) = (0,1) U (—o0,0) U (1,00) = (—00,0) U (0,1) U (1, 00)
and int(AU B) = int(R) = R.
cl(AUB) =cl(A)Ucl(B)
(AN B) C cl(A) Nel(B). Exercise: give an example of A, B € R such that
the above sets are not equal.



